We study coefficients of axial chiral vortical effect and chiral separation effect at finite temperature and vector chemical potential in massive theories. We present two independent methods of calculating the coefficients: one from field theory and the other using the mass term in axial anomaly equation. An ambiguity in the integration constant similar to hydrodynamic approach to axial chiral vortical effect exists in the latter, but can be fixed naturally in the presence of mass. We obtain perfect agreement between the methods. The results of axial chiral vortical effect and chiral separation effect indicate that the presence of mass generically suppresses the two coefficients, with less suppression at larger chemical potential. For phenomenologically relevant case of quark gluon plasma with three quark flavor, we find the correction is negligible. *
I. INTRODUCTION
It has been realized that axial anomaly can lead to macroscopic transport phenomena [1] [2] [3] [4] [5] [6] , including chiral magnetic effect [7] [8] [9] , chiral separation effect [10, 11] , (vector and axial) chiral vortical effect [2, 3, 5, 6] etc. In the chiral limit, the corresponding transport coefficients can be derived either by hydrodynamics [4, 5] or by chiral kinetic theory [12] [13] [14] [15] [16] [17] [18] [19] [20] . j = Cµ 5 e B + 2Cµµ 5 ω,
with B and ω being magnetic field and fluid vorticity respectively. For quantum electrodynamics (QED), C = 1 2π 2 . The first line of (1) corresponding to vector current contains chiral magnetic effect (CME) and vector chiral vortical effect (VCVE). Their existence rely on chiral imbalance, characterized by axial chemical potential µ 5 . They are accessible in heavy ion collisions experiments [21, 22] , in which both strong magnetic field and vorticity can be produced in off-center heavy ion collisions [23] [24] [25] . The second line of (1) corresponding to axial current contains chiral separation effect (CSE) and axial chiral vortical effect (ACVE), which are not directly accessible. Experimental search of CME and VCVE suffer from different background contamination from collective flow [26] , conservation law [27, 28] and resonance decays [29] . There have been continuous efforts in excluding these background experimentally [26, [30] [31] [32] [33] [34] . Phenomenological description of chiral transports has been carried out in the framework of anomalous hydrodynamics [35] [36] [37] and stochastic anomalous hydrodynamics [38] . In the latter, the axial charge is treated as a stochastic variable.
The anomalous hydrodynamics includes all the transports in (1) . Successful application of anomalous hydrodynamics requires precise knowledge about the transport coefficients. (1) has been derived by assuming axial charges is conserved, which is not true when we consider explicit axial symmetry breaking by fermion mass. Indeed, it is known at the discovery of CSE that mass correction exists for the corresponding transport coefficient [10, 39, 40] . For ACVE, the situation is more interesting because it involves not only axial anomaly, but also gravitational anomaly [6, 41, 42] . The aim of this paper is to study mass correction to both ACVE and CSE coefficients. On one hand, it provides microscopic input for anomalous hydrodynamics for more realistic situation. On the other hand, the mass effect might shed some light on the role of gravitational anomaly.
The paper is organized as follows: in Section II, we give an intuitive derivation of ACVE and CSE coefficients from axial anomaly equation with mass term contribution. In Section III, we derive Kubo formula for ACVE and CSE in massive theories. In a restricted setting, the Kubo formula is formally the same as massless case. Section IV is devoted to the computation of ACVE and CSE coefficients for massive theories. The resulting coefficients are then compared to those obtained from the intuitive derivation. We find perfect agreement between them. We summarize and discuss possible extension of our work in Section V.
II. MASS CORRECTION AND PSEUDOSCALAR CONDENSATE
In this section, we present an intuitive derivation of ACVE and CSE coefficients based on axial anomaly equation for massive quantum electrodynamics (QED). For pedagogical purpose, we illustrate the derivation with massless QED first. The corresponding axial anomaly equation is given by
Since ACVE requires the presence of fluid vorticity, we consider (2) in a fluid cell with external fields E, B and ω. Here E and B correspond to electric and magnetic fields in the local rest frame of fluid cell defined with fluid velocity u µ as E µ = F µν u ν , B µ = 1 2 µνρσ u ν F ρσ . The vorticity ω µ is defined as ω µ = 1 2 µνρσ u ν ∇ ρ u σ . Throughout we use most minus signature. To proceed, we specialize to static case. We can then express the electric field as gradient of chemical potential. This allows us to rewrite (2) as
In the above, we have used the relation ∇ · ω = 0, ∇ · B = 2 E · ω, which are static limits of the covariant relations ∂ µ ω µ = 0, ∂ µ B µ = 2ω · E [16] . It follows from (3) that
Note that (4) reproduces CSE and µ-dependent part of ACVE in massless QED. It is possible to include an additional term ∇ · (µ 2 ω) → ∇ · (µ 2 ω + #T 2 ω). This would give rise to a µ-independent contribution to ACVE coefficient. However the coefficient is not constrained in this derivation, similar to the ambiguity in the integration constant found early in hydrodynamic approach to anomalous transports [5] . It is attributed to gravitational anomaly contribution [6] . Below we will see that in massive theory there is a natural choice of additional term that allows us to determine contributions to ACVE from both axial anomaly and gravitational anomaly.
Now we generalize the above derivation to massive QED. It has been found in [43] that the leading electromagnetic interaction correction to axial anomaly equation (2) is given by:
The coefficient functions C 1 and C 2 are defined as
with E q = q 2 + m 2 . By repeating the same procedure as above, and noting the µ dependence of C 1 and C 2 , we obtain
The coefficient functions are defined as
with the functionsf ± (E q ) and L(E q ) defined in terms of Fermi-Dirac distribution functioñ
. The integration constants a n (β, m)(n = 1, 2, 3) are fixed as follows: a 1 = 0 because there is no C-odd function depending on β and m only. a 2 and a 3 are not constrained by C-symmetry, but the most "natural choice" is to require that they can be expressed as integration of distribution function, but this is not possible because they are µ independent.
This fixes a 2 = a 3 = 0. Consequently, the ACVE and CSE in massive case readily follow from (7) and (8) .
with
III. KUBO FORMULA FOR MASSIVE THEORY
Next we derive Kubo formula needed for field theoretic computation of ACVE and CSE coefficients. The Kubo formulas for anomalous transport coefficients have been derived in [44] assuming axial current is conserved. For massive theory, axial current is not conserved due to the mass term. However as we will show the Kubo formula for CSE and ACVE remain unchanged in a restricted setting. For the purpose of deriving Kubo formula, we turn on static but spatially inhomogeneous gauge fields A i and metric perturbation h 0i . They give rise to magnetic field and fluid vorticity:
In arriving at ω i , we implicitly choose a frame, in which the fluid velocity remains unchanged i.e u µ = (1, 0, 0, 0) in the presence of the external fields. Since E is absent, B and ω cannot induce pseudoscalar condensate. This can be seen from analysis of discrete symmetries:
The mass term is odd in parity (P) and time reversal (T), and even in charge conjugation (C). On the other hand, B is T-even, P-odd and C-odd; ω is T-even, P-odd and C-even.
The only possibilities to form quantities with the same symmetry properties as the mass term are: ∇µ · B, µ∇µ · ω and T ∇T · ω. Throughout this paper, we consider state with constant µ and T . This excludes the possibility of generating a nonvanishing mass term, allowing us to treat axial charge as a conserved quantity. It follows that we can use the known constitutive equation for axial current [4] :
where σ B and σ V are CSE and ACVE coefficients. The terms omitted are not relevant to us. Plugging (11) into (12), we obtain for the spatial components
Fourier transform of (13) gives
Upon permutation of indices, we obtain the following Kubo formula for CSE and ACVE coefficients σ B = lim
where the retarded correlators are defined as
IV. AXIAL CHIRAL VORTICAL EFFECT AND CHIRAL SEPARATION EFFECT
In this section, we show the computation of the ACVE coefficient in massive QED in detail and sketch the computation of CSE coefficient since the latter involves the same procedure and technics as the former.
A. ACVE coefficient
The operators in G R i,0j are
j i 5 is standard. We give a derivation of T 0i in massive QED in appendix. For simplicity, we consider state with finite µ and T with µ 5 = 0. We work in imaginary-time formalism. The relevant massive fermion propagator is given by
with q = | q| and γ = (γ 1 , γ 2 , γ 3 ). The last equality of (18) defines A(Q) and D(Q) as numerator and denominator respectively. Using E q = q 2 + m 2 and
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The components we need for ACVE coefficient is given by
with G 0j V and G j0 V corresponding to the terms γ 0 q j and γ j iω m in the bracket respectively. The Euclidean correlator G E (P ) is related to the retarded correlator by analytic continua-
We first calculate G 0j V . Using (18) and (19), we have
The Dirac trace in the integrand of (21) can be evaluated as
Using (21) and (22) we have
Bothω m = (2m + 1)πT andω m + ω n are fermionic, because ω n = 2nπT is bosonic. The sum over fermionic Matsubara frequencies gives
The analytic continuation, i.e. replacing iω n by p 0 + iε in (24) , gives the retarded correlator
Here the term proportional to 1 2 (u − v) corresponds to vacuum contribution. Since we are mainly interested in medium effect, we do not keep it. Applying the relabeling q → − q − p and u ↔ −v in the part involving uñ(E p+q − vµ), we get
Here we have replaced q k by p k ( q · p)/p 2 by rotational symmetry of G 0j V . By summing over v and integrating over angles, we get
where Ω u = p 0 + iε + uE q .
Similarly, for G j0 V , the trace identity is evaluated as
Using (18), (19) , (20) and (28), we get
The frequency sum involving an extra iω m can be written as
We can neglect the term proportional to iω n in the numerator because in the end iω n → p 0 + iε → 0. The remainingñ(x) independent terms corresponding to vacuum contribution are not kept for the same reasons as before. By relabeling q → − q − p and u ↔ −v in the part involving (vµ − E p+q )ñ(E p+q − vµ), one gets
The result of G V is the sum of (27) and (31), according to (20) . Using
we obtain the ACVE coefficient from (15) as
We verify in the last equality that it is consistent with (1) in the massless limit.
To compare σ V withσ V in (10), we first note that the term proportional to m 2 F 2 in (10) is identical to the m 2 term in (33) . The remaining terms can be shown to be identical using integration by part:
Therefore, our "natural choice" of integration constants leads to the correct ACVE coefficient. Note that this was not possible before the introduction of fermion mass.
B. CSE coefficient
We start with components of Euclidean correlator needed for CSE coefficient:
The computation of the Dirac trace is the same as (22) and the frequency sum is a repetition of the case of (24), so we skip the details. After the analytic continuation, the result is
By dropping the vacuum contribution proportional to 1 2 (v − u) and relabeling q → − q − p and u ↔ −v in the part involving vñ(E p+q − vµ), we have
Taking the limit p → 0 after p 0 → 0, we obtain the CSE coefficient from (15) as
We verify that it is consistent with (1) in the massless limit. It is easy to see (38) is the same as σ B in (10).
C. Discussion
We consider different limits of the coefficients σ V and σ B . Let us begin with σ B : at T = 0, (38) can be easily evaluated to give σ B = 1 2π 2 µ 2 − m 2 , which is in agreement with the free limit of [39] . At T = 0, σ B adopts the following small m expansion:
where Li s (z) is polylogarithm function. The coefficient of m 2 is a negative, non-monotonic function of µ with the minimum at µ/T ∼ O(1). Interestingly, we find possible correction proportional to m 2 ln m vanishes in the final result. Turning to σ V , we find its zero temperature limit can be obtained as σ V = 1 2π 2 µ µ 2 − m 2 . In this limit, the contribution related to gravitational anomaly is absent. Unlike σ B , whose µ = 0 limit vanishes by C-symmetry, σ V does have a non-vanishing µ = 0 limit, whose small m expansion can be obtained analytically as
The coefficient of m 2 is a negative, monotonically decreasing function of µ. Surprisingly, we find possible correction proportional to m 2 ln m also vanishes in the final result. For more general parameters, we plot the m dependence of ACVE and CSE coefficients in Fig. 1 and Fig. 2 respectively. We find the presence of mass generically suppress both ACVE and CSE coefficients, with less suppression at larger µ. At small m, we find the correction given by m 2 . At large m, ACVE and CSE coefficients are expected to be exponentially suppressed.
The above results easily generalize to quantum chromodynamics (QCD), in which the ACVE and CSE coefficients are given by: 
V. SUMMARY AND OUTLOOK
In this work, we compute ACVE and CSE coefficients in massive QED and QCD in the free limit. The results we obtain are in perfect agreement with an intuitive derivation based on mass correction to anomaly equation. Although ambiguity exists in the determination of ACVE coefficient in massless limit, we find that there is a "natural choice" in massive case that allows us to fix the ambiguity. The "natural choice" is based on the assumptions that the coefficients can be expressed as an integration of distribution function, which is well defined in free theory limit. It would be interesting to see if similar choice still exists in weakly interacting theory.
In massless theories, the ACVE coefficient contains contributions from axial and gravitational anomaly, which separates into terms proportional µ 2 and T 2 . In massive theories, the separation is less obvious. A natural separation is to assign the µ-independent part σ V (µ = 0) to gravitational anomaly, and the µ-dependent part σ V (µ) − σ V (µ = 0) to axial anomaly. Surprisingly, our choice of integration constants fix them simultaneously.
Note that the intuitive derivation implicitly assumes a gradient expansion. However it is known that the gradient expansion breaks down for the contribution from gravitational anomaly [45] . This raises the question on the origin of µ-independent contribution for further explorations.
The mass dependence of the coefficients is interesting on its own. We find small mass correction proportional to m 2 , with correction proportional to m 2 ln m vanishing. This is to be compared with mass correction found in weakly interacting massive theory at T = 0 [39] , in which both m 2 and m 2 ln m corrections are present. Note that in arriving at (38) and (33), we keep only medium dependent contributions. It would be interesting to find out if the inclusion of vacuum contribution leads to logarithmic corrections as in [39] . We leave it for future work. The Lagrangian density for Dirac field in general relativity is
with S = d 4 x |g|L. The stress-energy tensor by definition is
To apply it, we need to use vierbeins. Then we get the Belinfante-Rosenfeld tensor
where
There is no contribution from |g| if we use the equations of motion. Back to flat space, ∇ b is reduced to ∂ b . Thus, we have
Here we have restored the symmetric stress-energy tensor and Lagrangian density in flat space.
We can check it by the Noether's procedure by considering spacetime translations in non-gravitational theory as follows. The canonical tensor is not symmetric for fields with
Note that the term proportional to L vanishes on shell. Symmetrizing the canonical tensor, we reproduce the flat space Belinfante-Rosenfeld tensor:
It is both symmetric and conserved.
